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Abstract

The following article introduces the so called Worldline Formalism in QFT and illustrates its applications
to various problems historically handled by means of 2nd quantization and Feynman diagrams.
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1 Conventions

We use natural units ~ = c = 1. We work in D spacetime dimensions and use the signature (+,−, ..,−),
denoting D-vectors x with bold symbols, their spatial part by ~x. We denote by g(x,y) = x0y0 − ~x · ~y the
Minkowski-scalar-product of the D-vectors x,y. Greek indices run (unless stated otherwise) from 0 to (D− 1),
latin ones only from 1 to (D − 1). Components of linear functionals are written down, components of vectors
up. Operators are symbolized with a hat “̂”.
For two-component Grassmann variables (ϑ1, ϑ2) =: ϑ we shall write ϑkϑl := ϑ1

kϑ
1
l + ϑ2

kϑ
2
l .

We use the isometric Fourier-transform.

2 Introduction

The path integral formalism developed by Feynman[4] in the first half of the 20th century, has come to be
a successful complement to the non-relativistic quantum mechanical formalism developed by Schrödinger and
Heisenberg. Furthermore, its apparent simplicity and similarity to classical mechanical variational methods,
makes its generalization to functional integrals over fields, a promising alternative to the 2nd quantization
description used in quantum field theory and in particular the calculation of N -point correlators1.

In the following years, a new approach to the calculation of generating functionals and Green’s functions in field
theory had been developed mainly by Fock, Feynman[11] and Schwinger[20]. This so called worldline formalism,
can be used to solve a theory using solely one-parameter path integrals.

Though simple problems such as the ones handled below, can generally be solved much easier using 2nd quan-
tization methods and Wick contractions, the worldline formalism shows its real strength in more complex
situations. In particular, worldline numerics has lately enjoyed a wide span of applications ranging from the
Casimir effect[25, 26] to pair production in inhomogeneous fields[27, 28]. Furthermore, the intuitive interpreta-
tion of worldline integrals, allows for a completely different insight into the whole theory, just as path integrals
do in quantum mechanics.

Finally, the worldline formalism shows great analogy to similar results in string theory, where string scattering
amplitudes reduce to one-parameter path integral expressions. In fact, as string theory reduces to quantum
field theory in the infinite tension limit, string scattering amplitudes reduce to quantum field theoretic ones,
thus inspiring the development of a worldline formalism eventually without reference to string theory[5, 14, 24].

The following, somewhat quick and dirty, article shall introduce this formalism and illustrate its applications to
various problems historically handled by means of 2nd quantization and Feynman diagrams. It is mainly based
on papers [5],[11],[14],[15] and [19].

Basic knowledge of one-parameter path-integrals[1, 2, 23] and Grassmann variables[1, 8, 12] is assumed.

2.1 Path integral formulation of the KG Green’s function

In his paper “Mathematical Formulation of the Quantum Theory of Electromagnetic Interaction”[11], 1950,
Feynman introduced a path-integral description of spin-0 particles, for its own interest as an alternative to
the formulation of second quantization. In it, he expressed the Green’s function of the Klein-Gordon operator
2+m2, as a path integral over spacetime paths along a 5th parameter. We shall in the following briefly illustrate
his ideas, mainly as a motivation for what follows thereafter. Consider the KG equation(

� + σ +m2
)
ϕ(x) = 0 , � := (∂µ − ieAµ)(∂µ − ieAµ) (2.1)

for a spinless complex field ϕ of charge e in a background gauge field A with source σ(x). Consider now the
equation2

i∂uζ(x, u) = Ĥζ(x, u) , Ĥ := � + σ (2.2)

1See for example Greiner[13].
2Here, u is an additional parameter to the parameter x in ϕ(x).
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for the field ζ(x, u). Since Ĥ does not depend on u, solutions of (2.2) can be written as combinations of the
fundamental solutions

ζ(x, u) = e−iEuϕ(x), (2.3)

whereas Ĥϕ !
= Eϕ. In particular, ϕ solves (2.1) iff E = −m2. Thus, for any solution ζ(x, u) of (2.2),

ϕ(x) :=

∫
du e−im

2uζ(x, u) (2.4)

solves (2.1). Now suppose K(x, u;x′, 0) solves (2.2) and satisfies3

K(x, 0;x′, 0) = δ(x− x′) , K(x, u;x′, 0) = 0 for u < 0. (2.5)

Then

G(x,x′) := i

∫
e−im

2uK(x, u;x′, 0) du (2.6)

satisfies

(�x + σ(x) +m2)G(x,x′) = i

∞∫
0

e−im
2u Ĥx K(x, u;x′, 0) du︸ ︷︷ ︸

i∂uK(x,u;x′,0)

+m2G(x,x′)

= −K(x, u; ,x′, 0)e−im
2u
∣∣∞
u=0

+

∞∫
0

K(x, u;x′, 0)∂ue
−im2u +m2G(x,x′)

= K(x, 0;x′, 0)︸ ︷︷ ︸
δ(x−x′)

−m2 i

∞∫
0

K(x, u;x′, 0)e−im
2u du

︸ ︷︷ ︸
G(x,x′)

+m2G(x,x′)

= δ(x− x′), (2.7)

that is, G is a Green’s function4 for the Klein-Gordon operator (�+σ+m2). From the theory of path integrals
in non-relativistic quantum mechanics, we know that the transition element for the Schrödinger equation (2.2)
is given by5

K(x, u;x′, 0) = 〈x| e−iu� |x′〉 =

(u,x)∫
(0,x′)

Dy exp

i u∫
0

L(y, ẏ) dτ

 , u ≥ 0, (2.8)

with L as the Lagrangian corresponding to the Hamiltonian

Ĥ = −(pµ − eAµ)(pµ − eAµ) + σ = −p̂µpµ − e2AµAµ + e {Aµ, p̂µ}+ σ. (2.9)

As described in appendix A.3, we obtain6

L(y, ẏ) = −1

4
ẏµẏµ + eẏµAµ(y)− σ(y) . (2.10)

3Thus, K(x, u; ,x′, 0) represents the transition amplitude of a particle at point x′ to x from time 0 to time u > 0. Consequently,
for any solution ζ(x, u) of (2.2),

ζ(x, u) =

∫
dx′ K(x, u;x′, 0)ζ(x′, 0)

holds for u ≥ 0.
4For the domain R4, vanishing with ‖x− x′‖ → ∞.
5The exact phase of the measure Dy differs by the one for Hamiltonians with positive-definite mass-matrices M.
6In his paper [11], Feynman used the operator 1

2
2 instead of 2 for defining (2.2), thus obtaining (for a free particle) the path-

integrant e−i
∫
g(ẏ,ẏ)/2 dτ instead. Consequently, the Green’s function G(x,x′) was given by the e−i

m2

2
u mode of K(x, u;x′, 0).
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The final expression for the Green’s function thus becomes

G(x,x′) := i

∞∫
0

du e−im
2u

(u,x)∫
(0,x′)

Dy exp

−i u∫
0

[
1

4
ẏµẏµ − eẏµAµ + σ

]
dτ

 . (2.11)

3 Worldline formalism for Klein-Gordon fields

3.1 The effective action

We consider the generating functional

Z[J, J∗︸ ︷︷ ︸
=:J

] :=

∫
Dϕ exp

[
i

∫
d4x LKG + i

∫
d4x (J∗ϕ+ ϕ∗J)

]
(3.1)

for the complex Klein-Gordon field with background gauge field A:

LKG(ϕ,ϕ∗, ∂ϕ, ∂ϕ∗) =
gµν

2
(D∗µϕ

∗)(Dνϕ)− m2

2
ϕ∗ϕ, (3.2)

Dµ := (∂xµ − iAµ) , D∗µ := (∂xµ + iAµ).

Performing a Wick-rotation to imaginary times x̃0 := ix0, we obtain the representation

Z[J] =

∫
Dϕ exp

[ ∫
d4x̃ LKG

E +

∫
d4x̃ (J∗ϕ+ ϕ∗J)︸ ︷︷ ︸

=:SJ
E [ϕ,ϕ∗]

]
(3.3)

with

LKG
E (ϕ,ϕ∗, ∂̃ϕ, ∂̃ϕ∗) := −δ

µν

2
(D̃∗µϕ

∗)(D̃νϕ)− m2

2
ϕ∗ϕ (3.4)

D̃µ := (∂x̃µ − iÃµ) , D̃∗µ := (∂x̃µ + iÃµ) , Ã := (−iA0, ~A)

as the Euclidean version of (3.2). Let ϕc := (ϕc, ϕ
∗
c) extremize the action SJ

E and for any field ϕ := (ϕ,ϕ∗) set
ϕ′ := ϕ−ϕc. Then, up to 2nd order in ϕ′ (1-loop accuracy), we may write7

SJ
E [ϕ] = SJ

E [ϕc] +
dSJ

E

dϕ

∣∣∣∣
c︸ ︷︷ ︸

0

ϕ′ +
1

2!

d2SJ
E

dϕ2

∣∣∣∣
c

(ϕ′,ϕ′), (3.5)

7Note that this expansion (3.5) is exact, as L is at most quadratic in the fields.
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where
∣∣
c
means evaluation at ϕc. Consequently, (3.3) takes the form

Z1l[J] = eS
J
E [ϕc] ·

∫
Dϕ′ exp

[
1

2!

d2SJ
E

dϕ2

∣∣∣∣
c

(ϕ′,ϕ′)

]

= eS
J
E [ϕc] ·

∫
Dϕ′ exp

[
−1

2

∫
d4x̃

[
δµν(D̃∗µϕ

∗′)(D̃νϕ
′) +m2ϕ∗′ϕ′

]]

= eS
J
E [ϕc] ·

∫
Dϕ′ exp

[
−1

2

∫
d4x̃

[
δµν

(
−ϕ∗′∂x̃µ + ϕ∗′ieÃµ

)
(D̃νϕ

′) +m2ϕ∗′ϕ′
]]

= eS
J
E [ϕc] ·

∫
Dϕ′ Dϕ∗′ exp

[
− 1

2

∫
d4x̃ ϕ∗′

[
−δµνD̃µD̃ν +m2

]
ϕ′
]

= eS
J
E [ϕc] ·Det−1

[
−δµνD̃2

µν +m2
]
· const, (3.6)

with the multiplicative constant depending solely on the integration measure. The Schwinger functional is thus
given by

W 1l[J ] := −i lnZ[J ] = −iSJE [ϕc] + i ln Det
[
−δµνD̃2

µν +m2
]

+ const . (3.7)

We seek the Legendre transform Γ of W in the variable8

dW

dJ
=

(
∂W

∂J

)
ϕc︸ ︷︷ ︸

ϕc

+

(
∂W

∂ϕc

)
J︸ ︷︷ ︸(

∂SJ
E

∂ϕ

)
J

(ϕc)=0

·∂ϕc
∂J

= ϕc (3.8)

and obtain the so called effective action9

Γ[ϕc] = W [J]−
∫
d4x (J∗ϕc + ϕ∗cJ)

(3.7)
= −iSJ

E [ϕc] + i ln Det
[
−δµνD̃2

µν +m2
]

+ const . (3.9)

Similarly, the effective action for a real scalar field ϕ with self-interaction potential U(ϕ), is up to one-loop-
order10 given by11

Γ1l[ϕc] = −iSJE [ϕc] +
i

2
ln Det

[
−δµν∂2

µν +m2 + U ′′(ϕc)
]

+ const . (3.10)

All our following efforts in this section, will concentrate on evaluating the 2nd. term (1-loop correction) in (3.9)
and (3.10). We omit all “∼” on fields and differential operators, while keeping in mind their actual nature12.

3.2 The self-interacting case

3.2.1 Reduction to path integrals

Consider a Klein-Gordon field with self-interaction potential U . Then according to (3.10), the 1-loop-correction
to the effective action13 is given by

ΓKG[ϕ] :=
i

2
ln Det

[
− δµν∂2

µν +m2 + U ′′(ϕ)
]

=
i

2
ln Det

[
p̂2 +m2 + U ′′(ϕ)︸ ︷︷ ︸

=:D

]
, (3.11)

8Note that this is no typo: The canonical variable dW1l

dJ
corresponding to J is indeed the classical field ϕc. This is due to the

fact, that one-loop correction term i ln Det
[
−δµνD̃2

µν +m2
]
does not depend on ϕ or J.

9SinceW is the Legendre transform of Γ, one has δΓ
δϕ(x)

= −J(x). On the other hand it can be shown that, dW
dJ(x)

= 〈0| ϕ̂(x) |0〉J.
Thus, the field extremizing the effective action Γ, is exactly the vacuum expectation value 〈0| ϕ̂(x) |0〉J=0. Hence, Γ can be thought
of as describing the dynamics of vacuum expectation values.

10Note that the expansion (3.5) is no longer exact.
11Notice the additional factor × 1

2
in the real case, resulting from a different Gaussian integral than (3.6).

12See appendix A.5 on how to obtain the original (Minkowskian) effective action and N -point functions.
13In Euclidean form.
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which together with ln Det(·) = Tr ln(·) and identity

Tr lnA = −
∞∫

0

dT

T
Tr e−TA (3.12)

holding for positive operators A, implies

ΓKG[ϕ] = − i
2

∞∫
0

dT

T

∫
d4x 〈x| e−TD |x〉 . (3.13)

Interpreting

D = p̂2 +m2 + U ′′(ϕ(x̂)) (3.14)

as 4-dimensional Hamiltonian for a particle with mass µ = 1/2, potential V := m2 +U ′′(ϕ) moving for the time
T̃ := −iT , we may rewrite the transition element in (3.33) as described in (A.3):

〈x| eTD |x〉 = 〈x| e−itD |x〉 =

(t=T̃ ,x)∫
(t=0,x)

Dx exp

i T̃∫
0

dt
[µ

2
(∂tx)2 − V (x)

]

τ :=it
=

(τ=T,x)∫
(τ=0,x)

Dx exp

− T∫
0

dτ

[
(∂τx)2

4
+m2 + U ′′(ϕ(x))

] (3.15)

to obtain

ΓKG[ϕ] = − i
2

∞∫
0

dT

T

∮
Dx e

−
T∫
0

dτ L(ϕ;x,ẋ)
, (3.16)

whereas

L(ϕ;x, ẋ) :=
ẋ2

4
+m2 + U ′′(ϕ). (3.17)

3.2.2 N-point functions for 3rd-order interaction

As is known[13], the one-particle irreducible N -point functions, can be obtained from the functional derivatives
of the effective action Γ. Using the results of section 3.2.1, we can now attempt to to calculate the latest for
the Klein-Gordon field. Consider the 1-loop-contribution

Γ[ϕ] = − i
2

∞∫
0

dT

T
e−m

2T

∮
Dx exp

− T∫
0

[
ẋ2

4
+ U ′′(ϕ)

]
dτ

 (3.18)

to the effective action of a real Klein-Gordon field, as obtained in section 3.2.1. We shall calculate the functional
derivatives

ΓN [x1, ..,xN ] :=
δNΓ

δϕ(x1) . . . δϕ(xN )

∣∣∣∣
ϕ=0

(3.19)

in the special case that U(ϕ) = λ
3!ϕ

3. Applying (3.19) to (3.18), we obtain

ΓN [x1, ..,xN ] = − i
2

(−λ)N
∞∫

0

dT

T
e−m

2T

∫
Dx e

−
T∫
0

ẋ2

4 dτ
T∫

0

N∏
k=1

dτk δ(x(τk)− xk). (3.20)
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In momentum space, expression (3.20) becomes

Γ̃N [p1, ..,pN ] := (2π)−DN/2
∫
dx1 . . . dxN ΓN [x1, ..,xN ] · exp

[
i

N∑
k=1

pkxk

]

= − i
2

(−λ)N

(2π)DN/2

∞∫
0

dT

T
e−m

2T

T∫
0

dτ1..dτN

∮
Dx e

−
T∫
0

ẋ2

4 dτ · exp

[
i

N∑
k=1

pk · x(τk)

]
. (3.21)

For trajectory x(τ) we define x := 1
T

T∫
0

x(τ) dτ and y(τ) := x(τ)− x. With this, for any path-functional F the

integral
∮
Dx F [x] can be written as

∫
dx

∮
y=0

F [x + y] and the path integral in (3.21) takes the form

∫
dx exp

[
i

N∑
k=1

pk · x

]
︸ ︷︷ ︸

(2π)Dδ[
∑N
k=1 pk]

∮
y=0

Dy e
−
T∫
0

ẏ2

4 dτ · exp

[
i

N∑
k=1

pk · y(τk)

]
. (3.22)

Since boundary conditions y(0) = y(T ) and ẏ(0) = ẏ(T ) are assumed for the remaining path integral, we can
write

〈ẏ, ẏ〉T :=

T∫
0

dτ ẏ = −
T∫

0

dτ yÿ =

〈
y,− d2

dτ2
y

〉
T

, (3.23)

while by (A.2) the operator d2

dτ2 is invertible on the class of paths y on [0, T ] with y = 0 and Green’s function
GB/2, whereas

GB(τ1, τ2) := |τ2 − τ1| −
(τ2 − τ1)2

T
. (3.24)

The remaining path integral in (3.22) can thus be evaluated as a Gaussian one to yield∮
y=0

Dy exp

[
−
〈
y,−1

4

d2

dτ2
y

〉
T

+

〈
i

N∑
k=1

pk · δ(τk − ·),y

〉]
T

=(4πT )−
D
2 exp

−4i2

4

N∑
k,l=1

pkpl

〈
δ(τk − ·),

[
d2

dτ2

]−1

δ(τl − ·)

〉
T



(3.24)
= (4πT )−

D
2 exp

1

2

N∑
k,l=1

pkplGB(τk, τl)

 , (3.25)

whereas we used the convention14

∮
y=0

Dy e
−
T∫
0

dτ ẏ2

4
= (4πT )−

D
2 . (3.29)

14This convention is motivated by the fact that for a free D-dimensional particle with mass m = 1/2, the transition amplitude
for periodic boundaries is given by

〈0,x0

∣∣tβ ,x0

〉
=

(tβ ,x0)∫
(0,x0)

Dz exp

i
tβ∫
0

ż2

4
dt

 =
(
4πitβ

)−D
2 . (3.26)

Replacing T := itβ and τ := it, this implies

(T,x0)∫
(0,x0)

Dz exp

− T∫
0

ż2

4
dτ

 = (4πT )−
D
2 . (3.27)
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Thus, using (3.22) and (3.25), we can write (3.21) in the final form

Γ̃N [p1, ..,pN ] = − i
2
· π

D
2 (−λ)N

(2π)DN/2
· δ

[
N∑
k=1

pk

] ∞∫
0

dT

T 1+D
2

e−m
2T

T∫
0

dτ1..dτN exp

1

2

N∑
k,l=1

pkplGB(τk, τl)

 . (3.30)

3.3 The charged case

3.3.1 Reduction to path integrals

Consider a complex Klein-Gordon field of charge e, in a background gauge field A. Then according to (3.9),
the 1-loop-correction to the effective action15 is given by

ΓKG := i ln Det
[
− δµνD2

µν +m2
]

= i ln Det
[

(p̂− eA)2 +m2︸ ︷︷ ︸
=:D

]
, (3.31)

which together with ln Det(·) = Tr ln(·) and Frullani’s integral identity16

Tr lnA = −
∞∫

0

dT

T
Tr e−TA (3.32)

implies

ΓKG[ϕ] = −i
∞∫

0

dT

T

∫
d4x 〈x| e−TD |x〉 . (3.33)

Interpreting

D = p̂2 −
{
eÂ, p̂

}
+ e2Â2 +m2 (3.34)

as 4-dimensional Hamiltonian for a particle with mass µ = 1/2, potential V := e2Â2 +m2 moving for the time
T̃ := −iT , we may rewrite the transition element in (3.33) as described in (A.3):

〈x| eTD |x〉 = 〈x| e−itD |x〉 =

(t=T̃ ,x)∫
(t=0,x)

Dx exp

i T̃∫
0

dt
[µ

2
(∂tx)2 + 2µe2A2 + 2µ(∂tx)eA− V

]

τ :=it
=

(τ=T,x)∫
(τ=0,x)

Dx exp

 T∫
0

dτ

[
− (∂τx)2

4
+ i(∂τx)eA−m2

] (3.35)

to obtain

ΓKG[ϕ] = −i
∞∫

0

dT

T

∮
Dx e

−
T∫
0

dτ L(ϕ;x,ẋ)
, (3.36)

whereas

L(ϕ;x, ẋ) :=
ẋ2

4
− ieẋA +m2. (3.37)

Note that this result is up to a multiplicative constant, formally the same as (4.34), when one ignores all
Grassmann-valued contributions.
Also note that ∫

dx0

(T,x0)∫
(0,x0)

Dz e−
∫ T
0

ż2

4
dτ ∼=

T∮
0

Dx e−
∫ T
0

ẋ2

4
dτ ∼=

∫
dx

∮
y=x

Dy e−
∫ T
0

ẏ2

4
dτ . (3.28)

See Schubert[5] for more.
15In Euclidean form.
16Actually differing by a universal, additive constant which shall be omited in the following.
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3.3.2 N-point functions

Consider the 1-loop-correction17

Γ[A] = −i
∞∫

0

dT

T
e−m

2T

∫
Dx exp

− T∫
0

dτ

(
ẋ2

4
− ieAẋ

) (3.38)

to the effective action of a non-self-interacting Klein-Gordon-field in a background gauge field A, as obtained
in section 3.3.1. We shall derive an expression for the functional derivatives of Γ[A] with respect to the field A,
evaluated at A = 0. Similar to section 3.2.2, we obtain18 from (3.38)

Γµ1..µN [x1, ..,xN ] :=
δNΓ

δAµ1(x1)..δAµN (xN )

∣∣∣∣
A=0

= −i(ie)N
∞∫

0

dT

T
e−m

2T

∮
Dx e

−
T∫
0

dτ ẋ2

4

N∏
k=1

T∫
0

dτk ẋ
µk(τk)δ(x(τk)− xk). (3.39)

Taking the Fourier-transform19 of (3.39) we obtain

Γ̃N
[
p1, ..,pN ; ε1, .., εN

]
:=

ε1
µ1

(2π)
D
2

..
εNµN

(2π)
D
2

∫
dx1..dxN Γµ1..µN [x1, ..,xN ] eip

1x1 . . . eip
NxN

= − i(ie)N

(2π)DN/2

∞∫
0

dT

T
e−m

2T

∮
Dx e

−
T∫
0

dτ ẋ2

4

N∏
k=1

T∫
0

dτk ε
kẋ(τk)eip

kx(τk). (3.40)

In analogy to section 3.2.2, we separate the path-integral
∮
Dx into

∫
dx

∮
y=0

Dy, while keeping in mind that

(3.23) holds. Furthermore, we shall write εkẋ =: eε
kx
∣∣ lin in
each εk

while keeping in mind, that at the end only terms

linear in each εk are to be taken. We can thus write the path integral of (3.40) as

∮
Dx e

−
T∫
0

ẋ2

4 dτ
N∏
k=1

εkẋ(τk)eip
kx(τk) =

∫
dx eix(p1+..+pN )︸ ︷︷ ︸
(2π)Dδ[

∑N
k=1 pk]

·
∮

y=0

e
−
T∫
0

ẏ2

4 dτ
N∏
k=1

εkẏ(τk)eip
ky(τk)

= (2π)Dδ

[
N∑
k=1

pk

] ∮
y=0

Dy exp

− T∫
0

ẏ2

4
dτ +

N∑
k=1

εkẏ(τk) + ipky(τk)

 ∣∣∣∣ lin in
each εk

(3.23)
= (2π)Dδ

[
N∑
k=1

pk

] ∮
y=0

Dy exp

[
−
〈
y,−1

4

d2

dτ2
y

〉
T

+ 〈J,y〉T

] ∣∣∣∣ lin in
each εk

,

(3.41)

whereas

J :=

N∑
k=1

δ(τk − ·)
[
εk∂τ + ipk

]
(3.42)

17In Euclidean form.
18Note that Γµ1..µN is of tensorial nature.
19With respect to the orthonormal system

∣∣p1, ..,pN ; ε1, .., εN
〉
, with εk as polarization vector.
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can be thought of as a source, acting as linear functional on the paths by means of 〈J, ·〉T . Similar to section
3.2.2, we can formally evaluate (3.41) as a Gaussian integral, yielding

(2π)D · δ

[
N∑
k=1

pk

]
· (4πT )−

D
2 exp

[〈
J,
(
− d2

dτ2

)−1

J

〉
T

] ∣∣∣∣ lin in
each εk

=
[ π
T

]D
2 · δ

[
N∑
k=1

pk

]
exp

[
−

N∑
k,l=1

(εk∂1 + ipk)(εl∂2 + ipl)

〈
δ(τk − ·),

(
d2

dτ2

)−1

δ(τl − ·)
〉
T︸ ︷︷ ︸

1
2GB(τk,τl)

]∣∣∣∣ lin in
each εk

=
[ π
T

]D
2 · δ

[
N∑
k=1

pk

]
exp

1

2

N∑
k,l=1

[
pkpl − iplεk∂1 − ipkεl∂2 − εkεl∂2

1,2

]
GB(τk, τl)

 ∣∣∣∣ lin in
each εk

, (3.43)

whereas use of the convention (3.29) has been made. Here ∂1GB and ∂2GB denote derivatives with respect to
the 1st and 2nd argument of GB . Note that20

GB(x, y) = GB(y, x),

∂1GB = −∂2GB ,

∂iGB(x, y) = −∂iGB(y, x) , i ∈ {1, 2},
∂ijGB(x, y) = ∂ijGB(y, x) , i, j ∈ {1, 2}. (3.44)

Inserting (3.43) back into (3.40), finally yields

Γ̃N [p1, ε1, ..,pN , εN ] =− i π
D
2 (ie)N

(2π)DN/2
· δ

[
N∑
k=1

pk

]
·
∞∫

0

dT

T 1+D
2

e−m
2T

N∏
k=1

 T∫
0

dτk



× exp

1

2

N∑
k,l=1

[
pkplGB(τk, τl)− 2iεkpl∂1GB(τk, τl) + εkεl∂2

1GB(τk, τl)
] ∣∣∣∣ lin in

each εk

.

(3.45)

3.3.3 The vacuum polarization tensor

Specializing (3.45) to the case N = 2, one obtains

Γ̃2[p1,p2; ε1, ε2] =− iπ
D
2 (ie)2

(2π)D
· δ

[
N∑
k=1

pk

]
·
∞∫

0

dT

T 1+D
2

e−m
2T

T∫
0

T∫
0

dτ1 dτ2

ep
1p2GB(τ1,τ2) ·

[
(ε1p2)(ε2p1) (∂1GB(τ1, τ2))

2
+ ε1ε2∂2

1GB(τ1, τ2)
]
. (3.46)

20From A.2 we know that GB(τ1, τ2) = |τ1 − τ2| − (τ1−τ2)2

T
. In particular

∂τGB(τ1, τ2) = sgn(τ1 − τ2)−
2

T
(τ1 − τ2)

and
∂2
τGB(τ1, τ2) = 2δ(τ1 − τ1)−

2

T
.
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The polarization tensor21 is thus given by

Π̃µν [p] =− i

(2π)
D
2

π
D
2 (ie)2

(2π)D

∞∫
0

dT

T 3
e−m

2T

T∫
0

T∫
0

dτ1dτ2 e
−(p)2GB(τ1,τ2)

×
[
δµν∂

2
τ GB(τ1, τ2)︸ ︷︷ ︸
GB(τ1−τ2)

−pµpν (∂τGB(τ1, τ2))
2
]
. (3.47)

Using the fact that GB and its derivatives are defined on the circle R/[0, T ], we replace
T∫
0

T∫
0

f(GB(τ1−τ2))dτ2dτ1

with
T∫
0

T−τ2∫
−τ2

GB(τ)dτdτ2 =
T∫
0

T∫
0

GB(τ)dτdτ2 and obtain

Π̃µν [p] =− i

(2π)
D
2

π
D
2 (ie)2

(2π)D

∞∫
0

dT

T
D
2

e−m
2T

T∫
0

dτ e−(p)2GB(τ)
[
δµν∂

2
τGB(τ)− pµpν (∂τGB(τ))

2
]
. (3.48)

Performing a partial integration on the integrant e(p)2GB∂2
τGB in (3.48) and substituting u := τ/T , results in

Π̃µν [p] = − i

(2π)
D
2

(ie)2

(4π)
D
2

∞∫
0

dT

T
D
2

e−m
2T

T∫
0

dτ e−(p)2GB(τ)
[
(p)2δµν − pµpν

]
(∂τGB(τ))

2

= − i

(2π)
D
2

e2

(4π)
D
2

[
pµpν − (p)2δµν

] ∞∫
0

dT

T
D
2 −1

e−m
2T

1∫
0

du e−(p)2uT (1−u)
(

sgn(u)︸ ︷︷ ︸
1

−2u
)2

= − i

(2π)
D
2

e2

(4π)
D
2

[
pµpν − (p)2δµν

]
Γ
(
2− D

2

) 1∫
0

du (1− 2u)2
[
m2 + (p)2u(1− u)

]D
2 −2

. (3.49)

4 Worldline formalism for Dirac-fields

We shall, similar to section 3 for Klein-Gordon fields, derive a worldline formulation for the effective action
of Dirac-fields and the corresponding N -point functions. The techniques, mainly taken from Schubert[5] and
Mamedov[14], are similar in principle, with the difference lying in the anticommuting character of the fields
used. This makes the usage of Grassmann algebras and integrals a necessity. For more information on the
latter, see Berezin[8], Hoker[15] and Swanson[1].

4.1 The effective action

Consider the generating functional

Z[η, η] :=

∫
Dψ Dψ exp

[
i

∫
d4x LDir(ψ,ψ, ∂ψ, ∂ψ)︸ ︷︷ ︸

=:S[ψ,ψ]

+i

∫
(ηψ + ψη) d4x

]
(4.1)

for the Dirac-field with Lagrangian

LDir = iψγµDµψ −mψψ, (4.2)

21Given by the relation Γ̃µν2 [p1,p2] =: (2π)
D
2 · Π̃µν [p1] · δ[p1 + p2]. Note that this may differ by a factor of (2π)

D
2 to standard

literature, as here the Fourier-transform is chosen to be the isometric one. See also appendix A.7.

11



whereas Dµ := (∂µ − ieAµ). We perform a Wick-rotation to imaginary times x̃0 := ix0, x̃j := xj and consider
all fields as functions of x̃, so that Z becomes

Z[η, η] =

∫
Dψ Dψ exp

[
−iSE [ψ,ψ]−

∫
d4x̃ (ηψ + ψη)︸ ︷︷ ︸

=:−iSη,ηE [ψ,ψ]

]
, (4.3)

whereas

SE [ψ,ψ] =

∫
d4x̃ LDir

E (ψ,ψ, ∂̃ψ, ∂̃ψ], (4.4)

LDir
E := −iψγ̃µD̃µψ − imψψ,

D̃µ := (∂x̃µ − ieÃµ) , Ã := (−iA0, ~A) , γ̃0 := γ0, γ̃j := −iγj .

Let ψc, ψc extremize the action Sη,ηE and for every field configuration ψ,ψ set ψ′ := ψ−ψc, ψ
′

:= ψ−ψc. Then
up to second order in ψ′, ψ

′
(one-loop correction)22 we can write23

Sη,ηE [ψ,ψ] = Sη,ηE [ψc, ψc] +
dSη,ηE
d(ψ,ψ)

∣∣∣∣
c︸ ︷︷ ︸

0

(ψ′, ψ
′
) + (ψ′, ψ

′
)

1

2!

d2Sη,ηE
d(ψ,ψ)2

∣∣∣∣
c

(ψ′, ψ
′
), (4.5)

where
∣∣
c
means evaluation at ψc, ψc. Thus, (4.3) becomes

Z[η, η] = exp
[
−iSη,ηE [ψc, ψc]

]
·
∫
Dψ′ Dψ

′
exp

[
−i(ψ′, ψ′) 1

2!

d2Sη,ηE
d(ψ,ψ)2

∣∣∣∣
c

(ψ′, ψ
′
)

]

= exp
[
−iSη,ηE [ψc, ψc]

]
·
∫
Dψ′ Dψ

′
exp

[
−i
∫
d4x̃ ψ

′ (−iγ̃µD̃µ − im
)
ψ′
]

= exp
[
−iSη,ηE [ψc, ψc]

]
· det

[
−iγ̃µD̃µ − im

]
· const . (4.6)

The multiplicative constant at the end depends on the exact functional measure used. The Schwinger-function
becomes

W [η, η] := −i lnZ[η, η] = −Sη,ηE [ψc, ψc]− i ln det
[
−iγ̃µD̃µ − im

]
+ const . (4.7)

Note that ψc := (ψc, ψc) actually still depends on η := (η, η). We seek the Legendre transform Γ of W in the
variable24

dW

dη
=

(
∂W

∂η

)
ψc

+

(
∂W

∂ψc

)
η︸ ︷︷ ︸(

∂S
η
E

∂ψ

)
η

(ψc)=0

·∂ψc
∂η

= (ψc, ψc) = ψc (4.8)

and obtain

Γ[ψc] = W − 〈η,ψc〉
(4.7)
= −SηE [ψc]−

∫
d4x (ηψc + ψcη)︸ ︷︷ ︸

−SE [ψc]=S[ψc]

−i ln det
[
−iγ̃µD̃µ − im

]
+ const

= S[ψc]− i ln det
[
−iγ̃µD̃µ − im

]
+ const . (4.9)

22Which in the case of the Lagrangian (4.2), is indeed exact.
23With

d2S
η,η
E [ψ,ψ]

d(ψ,ψ)2
as bilinear functional on fields (ψ′, ψ

′
).

24Note that this is no typo: The canonical variable dW1l

dη
corresponding to η is indeed the classical field ψc. This is due to the

fact that the one-loop correction term −i ln det
[
−iγ̃µD̃µ − im

]
does not depend on ψ.
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We shall now concentrate on calculating the 2nd term (1-loop correction) of the effective action in (4.9), while
omitting the “∼” on all fields and differential operators25:

Γ[A] := −i ln det [γ̃µ(p̂µ − eAµ)− im] . (4.10)

We note that[5]

ln Det [(γ̃µp̂µ − eγ̃µAµ)− im] =
1

2
ln Det

[
(γ̃µp̂µ − eγ̃µAµ)2 +m2

]
. (4.11)

Using ln Det [·] = Tr ln [·] and formula (3.32), we conclude

Γ[A] = − i
2

Tr ln
[
(γ̃µp̂µ − eγ̃µAµ)2 +m2

]
=
i

2

∞∫
0

dT

T
Tr e−TD[p̂,A,(γ̃µγ̃ν)] , (4.12)

whereas

D[p̂,A, (γ̃µγ̃ν)] :=
(
γ̃µp̂µ − eγ̃µAµ

)2
+m2

(A.1)
= (p̂− eA)2 · 1 +

ie

4
[γ̃µ, γ̃ν ]Fµν +m2 · 1 . (4.13)

4.2 Reducing the effective action to path-integrals

We shall now further evaluate expression (4.12), seeking a worldline formulation similar to the scalar case in
section 3. We proceed in 4 dimensions, but will later on generalize the result to D = 4−ε, in view of dimensional
regularization. Consider the matrices

a±1 :=
1

2
(γ̃1 ± iγ̃3) , a±2 :=

1

2
(γ̃2 ± iγ̃0) . (4.14)

As they satisfy the anticommutation rules{
a+
r , a

−
s

}
= δrs ,

{
a+
r , a

+
s

}
=
{
a−r , a

−
s

}
= 0 , (4.15)

they can be interpreted as creation and annihilation operators on a Hilbert-space with a vacuum |0〉 ∈ kernel {a−r }.
We introduce the real Grassmann variables26 ϑ1, ϑ2, ϑ

1
, ϑ

2
anticommuting with the a±1,2 and commuting with

the vacuum |0〉. The states

|ϑ〉 := exp
[
−ϑ1a+

1 − ϑ2a+
2

]
|0〉

∣∣ϑ〉 := i(ϑ
1 − a+

1 )(ϑ
2 − a+

2 ) |0〉

〈ϑ| := i 〈0| (ϑ1 − a−1 )(ϑ2 − a−2 )
〈
ϑ
∣∣ := 〈0| exp

[
−a−1 ϑ

1 − a−2 ϑ
2
]

(4.16)

satisfy

〈ϑ| a−r = 〈ϑ|ϑr a−r |ϑ〉 = ϑr |ϑ〉

〈
ϑ
∣∣ a+
r =

〈
ϑ
∣∣ϑr a+

r

∣∣ϑ〉 = ϑr
∣∣ϑ〉

〈ϑ
∣∣ϑ〉 = exp

[
ϑ1ϑ

1
+ ϑ2ϑ

2︸ ︷︷ ︸
ϑ·ϑ

] 〈
ϑ |ϑ〉 = exp

[
ϑϑ
]

(4.17)

and are the coherent states of the Fock-space27 and Ha induced by the a±1,2. In particular28

1Ha = i

∫
d2ϑ |ϑ〉 〈ϑ| = −i

∫
d2ϑ

∣∣ϑ〉 〈ϑ∣∣ (4.18)

25None the less keeping in mind their true nature.
26See Berezin[8]. We shall write ϑ := (ϑ1, ϑ2), ϑ := (ϑ

1
, ϑ

2
) and ϑ · ϑ := ϑ1ϑ

1
+ ϑ2ϑ

2.
27See Glauber[17] and Klauder[18] for more on coherent states.
28The convention followed here for Grassmann-integrals shall be

∫
dϑi ϑi =

∫
dϑ
i
ϑ
i

= −i and∫
dϑ1dϑ2︸ ︷︷ ︸
d2ϑ

ϑ1ϑ2 = (−i)2 =

∫
dϑ

2
dϑ

1︸ ︷︷ ︸
d2ϑ

ϑ
2
ϑ

1
.

The anticommuting differentials dϑi, dϑi commute with the vacuum, but anticommute with all Grassmann variables and the a±r .
For more information see Berezin[8].
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and hence

1 = i

∫
d4x d2ϑ |x,ϑ〉 〈x,ϑ| . (4.19)

The trace of an operator U in Ha is given by

TrU = i

∫
d2ϑ 〈−ϑ|U |ϑ〉 . (4.20)

For a derivation of equations (4.18) and (4.20), see appendix A.4. Consequently, for any N ∈ N we can write

Tr e−TD
(4.20)

= i

∫
d4x d2ϑ 〈x,−ϑ| e−TD |x,ϑ〉

(4.19)
= i

∫
d4x d2ϑ iN−1

∫ N∏
k=2

d4xk d
2ϑk 〈x,−ϑ| e−

T
ND |xN ,ϑN 〉 . . . 〈x2,ϑ2| e−

T
ND |x,ϑ〉

= iN
∫ N∏

k=1

d4xk d
2ϑk 〈xk+1,ϑk+1| e−

T
ND |xk,ϑk〉

∣∣∣ xN+1 := x1 , ϑN+1 := −ϑ1. (4.21)

Using (4.18) we note that

〈ϑk+1| γ̃µγ̃ν |ϑk〉 = −i
∫
d2ϑk 〈ϑk+1| γ̃µ

∣∣ϑk〉 〈ϑk∣∣ γ̃ν |ϑk〉
= (..) = −i

∫
d2ϑk 〈ϑk+1

∣∣ϑk〉 〈ϑk |ϑk〉 · 2 · kψµ · ψνk (4.22)

whereas

kψ
µ :=

〈ϑk+1| γ̃µ
∣∣ϑk〉√

2 〈ϑk+1

∣∣ϑk〉 , ψµk :=

〈
ϑk
∣∣ γ̃µ |ϑk〉√

2
〈
ϑk |ϑk〉

. (4.23)

As it turns out:

ψ1,2
k =

1√
2

(
ϑ1,2
k + ϑ

1,2

k

)
, ψ3,4

k =
i√
2

(
ϑ1,2
k − ϑ

1,2

k

)
,

kψ
1,2 =

1√
2

(
ϑ1,2
k+1 + ϑ

1,2

k

)
, kψ

3,4 =
i√
2

(
ϑ1,2
k+1 − ϑ

1,2

k

)
. (4.24)

Consequently, for any polynomial G((γ̃µγ̃ν)µ,ν) of order at most 1 in the products γ̃µγ̃ν ,

〈ϑk+1|G((γ̃µγ̃ν)µ,ν) |ϑk〉 = −i
∫
d2ϑk 〈ϑk+1

∣∣ϑk〉 〈ϑk |ϑk〉 ·G((2 · kψµ · ψνk)µ,ν)

= −i
∫
d2ϑk e

(ϑk+1−ϑk)·ϑk ·G((2 · kψµ · ψνk)µ,ν) (4.25)
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holds. Thus

〈xk+1,ϑk+1| e−εD |xk,ϑk〉 = 〈xk+1,ϑk+1|1− εD+O(ε2) |xk,ϑk〉

=

∫
d4pk

(2π)
4
2

〈xk+1,ϑk+1|1− εD
[
p̂, Â, (γ̃µγ̃ν)

]
+O(ε2) |pk,ϑk〉 e−ipkxk

=

∫
d4pk

(2π)
4
2

〈ϑk+1|1− εD [pk,A(xk+1), (γ̃µγ̃ν)] +O(ε2) |ϑk〉 · 〈xk+1 |pk〉︸ ︷︷ ︸
exp[ipkxk+1]/(2π)

4
2

·e−ipkxk

(4.25)
=

−i
(2π)4

∫
d4pk d

2ϑk e
(xk+1−xk)pk+(ϑk+1−ϑk)·ϑk

×
[
1− εD [pk,A(xk+1), (2 · kψµψνk)] +O(ε2)

]
. (4.26)

From (4.21) and (4.26) now follows

Tr e−TD =iN
∫ N∏

k=1

d4xk d
2ϑk 〈xk+1,ϑk+1| e−

T
ND |xk,ϑk〉

∣∣∣∣∣ xN+1 := x1, ϑN+1 := −ϑ1

(4.26)
=

(−i)N iN

(2π)4N

∫ N∏
k=1

d4xk d
4pk d

2ϑk d
2ϑk

[
1− T

N
· D [pk,A[xk+1], 2 · kψµψνk ] +O

(
T 2

N2

)]

× exp

[
N∑
k=1

i(xk+1 − xk)pk + (ϑk+1 − ϑk) · ϑk

]

=

∫ N∏
k=1

d4pk
(2π)4

d4xk d
2ϑk d

2ϑk

[
1− T

N
· D [pk,A[xk+1], 2 · kψµψνk ] +O

(
T 2

N2

)]

× exp

[
N∑
k=1

i(xk+1 − xk)pk +
1

2
(ϑk+1 − ϑk) · ϑk −

1

2
ϑk · (ϑk − ϑk−1)

] ∣∣∣∣∣ ϑ0 := −ϑN .

(4.27)

We identify xk, pk and ϑk,ϑk as coordinates of a trajectory defined at times τk := k · ε, whereas ε := T/N .
Then (xk+1 − xk)/ε, (ϑk+1 − ϑk)/ε and (ϑk − ϑk−1)/ε go for N → ∞ over to the velocities ẋ, ϑ̇ and ϑ̇.
Furthermore, the sum in (4.27) goes over to a Riemannian one, yielding the path-integral representation

Tr e−TD =

∮
Dx Dp Dϑ Dϑ exp

 T∫
0

[
iẋp +

1

2
ϑ̇ · ϑ− 1

2
ϑ · ϑ̇− D [p,A, 2ψµψν ]

]
dτ

 , (4.28)

with boundary conditions ϑ(T ) = −ϑ(0), ϑ(T ) = −ϑ(0) and x(T ) = x(0). Here, the variables kψµ, ψ
µ
k turn

to

ψ1,2(τ) =
1√
2

[
ϑ1,2(τ) + ϑ

1,2
(τ)
]

, ψ3,0(τ) =
i√
2

[
ϑ1,2(τ)− ϑ1,2

(τ)
]
, (4.29)

with ψµk , kψ
µ → ψµ(tk) (compare to (4.24)). In particular

ϑ̇ · ϑ− ϑ · ϑ̇ = −ψψ̇ . (4.30)
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Thus, (4.28) takes the form29

Tr e−TD =

∮
P

Dx Dp

∮
A

Dψ exp

 T∫
0

[
i · ẋp− 1

2
ψψ̇ − D [p,A, (2ψµψν)]

]
dτ

 , (4.31)

with boundary conditions ψ(T ) = −ψ(0) and x(T ) = x(0). Here, “
∮
P

” and “
∮
A

” denote periodic and anti-

periodic boundary conditions. Since D[p,A, (2ψµψν)] is quadratic in p, the momentum-integral can formally
be evaluated as a Gaussian one to yield

Tr e−TD =

∮
P

Dx

∮
A

Dψ exp

− T∫
0

Lsp(x, ẋ,ψ, ψ̇) dτ

 , (4.32)

with

Lsp(x, ẋ, ψ, ψ̇) :=
ẋ2

4
+

1

2
ψψ̇ − ieẋA + ieψµψνFµν +m2. (4.33)

Finally, from (4.32) follows for (4.12) the representation

Γ[A] =
i

2

∞∫
0

dT

T

∮
P

Dx

∮
A

Dψ e
−
T∫
0

dτ Lsp(x,ẋ,ψ,ψ̇)

(4.34)

for the one-loop correction to the effective action, as introduced in section 4.1. Note that ψµ are actually
Grassmann-variables and ψ not a 4-vector. The integral

∮
A

Dψ is a Grassman path integral.

Also note that the periodic boundary condition on the paths x(τ) secures the gauge invariance of the effective
action, since for any gauge transformation Aµ → Aµ + ∂µf , the exponent in (4.34) only changes by a term

T∫
0

dτ ieẋµ∂µf = ie

T∫
0

dτ
d

dτ
f(x(τ)) = ie [V (x(T ))− V (x(0))] = 0. (4.35)

In the following, we shall assume a spacetime dimension D, preparing for dimensional regularization[16].

4.3 N-point functions

Starting from result (4.34), similarly to section 3.3.2, we obtain the Fourier-transform

Γ̃N [p1, ..,pN ; ε1, .., εN ] =
i

2

(ie)N

(2π)DN/2

∞∫
0

dT

T
e−m

2T

∮
P

Dx e
−
T∫
0

ẋ2

4 dτ
∮
A

Dψ e
−
T∫
0

dτ
2 ψψ̇

×
N∏
k=1

T∫
0

dτk
[
εk ẋ(τk)︸ ︷︷ ︸

=:xk

+2i(εk ψ(τk)︸ ︷︷ ︸
=:ψk

)(pkψ(τk))
]
· eip

kx(τk) (4.36)

for the one-loop contribution to the N -point photon correlator30. Introducing the Grassmann variables ϑk, ϑk,
we can write31

εkẋk + 2i(εkψk)(pkψk) =

∫
dϑkdϑk exp

[
ϑkϑk(εkẋk) +

√
2ϑk(εkψk) +

√
2iϑk(pkψk)

]
. (4.37)

29The Jacobian det ∂ψ

∂(ϑ,ϑ)
= −1 shall be absorbed into the functional measure.

30Defined as δNΓ
δA(x1)..δA(xN )

∣∣
A=0

.
31Using the convention

∫
dϑk dϑk ϑkϑk = 1.
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Using the same method as in (3.2.2), we separate the integral
∮
Dx to

∫
dx

∮
y=0

Dy, so that (4.36) takes the

form

Γ̃N [p1, ..,pN ; ε1, .., εN ] =
i

2

(ie)N

(2π)DN/2

∞∫
0

dT

T
e−m

2T

∫
dx ei

∑N
k=1 pkx︸ ︷︷ ︸

(2π)Dδ[
∑N
k=1 pk]

∮
y=0

Dy e
−
T∫
0

ẏ2

4 dτ
∮
A

Dψ e
−
T∫
0

dτ
2 ψψ̇

×
N∏
k=1

T∫
0

dτk

∫
dϑkdϑk e

√
2ϑk(εkψk)+

√
2iϑk(pkψk) · eϑkϑk(εkẏk)+ipky(τk)

=
i

2

(−ie)N (2π)D

(2π)DN/2
· δ

[
N∑
k=1

pk

]
·
∞∫

0

dT

T
e−m

2T
N∏
k=1

 T∫
0

dτk

∫
dϑkdϑk


∮

y=0

Dy e
−
〈
y,− 1

4
d2

dτ2
y
〉
T

+〈J,y〉T
∮
A

Dy e−〈ψ,
1
2
d
dτψ〉T+〈η,ψ〉T , (4.38)

with the dual forms

J(ϑk, ϑk) =

N∑
k=1

δ(τk − ·) ·
[
ϑkϑkε

k∂τ + ipk
]

η(ϑk, ϑk) =
√

2 ·
N∑
k=1

δ(τk − ·) ·
[
ϑkε

k + iϑkp
k
]
. (4.39)

Using the conventions ∮
y=0

Dy e
−
〈
y,− 1

4
d2

dτ2
y
〉
T = (4πT )−

D
2

∮
A

Dψ e−〈ψ,
1
2
d
dτψ〉T = 4 (4.40)
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we can evaluate the path-integrals in (4.38) as Gaussian ones and obtain32

Γ̃N [p1, ..,pN ; ε1, .., εN ] =i
2π

D
2 (ie)N

(2π)DN/2
· δ

[
N∑
k=1

pk

]
·
∞∫

0

dT

T 1+D
2

e−m
2T

N∏
k=1

 T∫
0

dτk

∫
dϑkdϑk



exp

[〈
J,
(
− d2

dτ2

)−1

J

〉
T

]
· exp

[
−1

2

〈
η,
(
d
dτ

)−1
η
〉
T

]

=i
2π

D
2 (ie)N

(2π)DN/2
· δ

[
N∑
k=1

pk

]
·
∞∫

0

dT

T 1+D
2

e−m
2T

N∏
k=1

 T∫
0

dτk

∫
dϑkdϑk



exp

[
−

N∑
k,l=1

[
ϑkϑkε

k∂1 + ipk
] [
ϑlϑlε

l∂2 + ipl
]〈

δ(τk − ·),
(
d2

dτ2

)−1

δ(τl − ·)
〉

︸ ︷︷ ︸
1
2GB(τk,τl)

]

× exp

− N∑
k,l=1

[
ϑkε

k + iϑkp
k
] [
ϑlε

l + iϑlp
l
] 〈
δ(τk − ·),

(
d
dτ

)−1
δ(τl − ·)

〉
︸ ︷︷ ︸

1
2GF (τk,τl)



=i
2π

D
2 (ie)N

(2π)DN/2
· δ

[
N∑
k=1

pk

]
·
∞∫

0

dT

T 1+D
2

e−m
2T

N∏
k=1

 T∫
0

dτk

∫
dϑkdϑk



exp

[
1

2

N∑
k,l=1

[
pkpl − ϑkϑkϑlϑlεkεl∂2

1,2 − iϑkϑkεkpl∂1 − iϑlϑlεlpk∂2

]
GB(τk, τl)

]

× exp

1

2

N∑
k,l=1

[
ϑkϑlp

kpl − ϑkϑlεkεl − iϑkϑlεkpl − iϑkϑlpkεl
]
GF (τk, τl)



=i
2π

D
2 (ie)N

(2π)DN/2
· δ

[
N∑
k=1

pk

]
·
∞∫

0

dT

T 1+D
2

e−m
2T

N∏
k=1

 T∫
0

dτk

∫
dϑkdϑk



exp

[
1

2

N∑
k,l=1

[
pkpl − 2iϑlϑlε

lpk∂1 + ϑkϑkϑlϑlε
kεl∂2

1

]
GB(τk, τl)

]

× exp

1

2

N∑
k,l=1

[
ϑkϑlp

kpl − ϑkϑlεkεl − 2iϑkϑlp
kεl
]
GF (τk, τl)

 , (4.41)

whereas in the last step we used (3.44) and GF (x, y) = sgn(x− y).

32See Swanson[1] about Gaussian Grassmann integrals.
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4.4 The vacuum-polarization tensor

For N = 2, (4.41) takes the form

Γ̃2[p1,p2; ε1, ε2] =i
2π

D
2 (ie)2

(2π)D
· δ
[
p1 + p2

]
·
∞∫

0

dT

T 1+D
2

e−m
2T

T∫
0

dτ1dτ2

∫
dϑ1dϑ1dϑ2dϑ2

exp
[ (

p1p2 + iϑ1ϑ1ε
1p2∂1 − iϑ2ϑ2ε

2p1∂1 + ϑ1ϑ1ϑ2ϑ2ε
1ε2∂2

1

)
GB(τ1, τ2)

]

× exp
[ (
ϑ1ϑ2p

1p2 − ϑ1ϑ2ε
1ε2 − iϑ1ϑ2p

1ε2 + iϑ2ϑ1p
2ε1
)
GF (τ1, τ2)

]

=− i2π
D
2 e2

(2π)D
· δ
[
p1 + p2

]
·
∞∫

0

dT

T
D
2

e−m
2T

T∫
0

dτ ep
1p2GB(τ)

[
(ε1ε2)G̈B(τ) + (p1ε2)(p2ε1)

(
ĠB(τ)

)2
+
[
(p1p2)(ε1ε2)− (p1ε2)(p2ε1)

]
G2
F (τ)

]

=− i2π
D
2 e2

(2π)D
· δ
[
p1 + p2

]
·
∞∫

0

dT

T
D
2

e−m
2T

T∫
0

dτ ep
1p2GB(τ)

[
(p1p2)(ε1ε2)− (p1ε2)(p2ε1)

]
·
[
G2
F (τ)−

(
ĠB(τ)

)2]
, (4.42)

whereas in the last step a partial integration of
T∫
0

dτ ep
1p2GB(τ)G̈B(τ) was performed. In analogy to section

3.3.2, the vacuum polarization tensor is thus given by

Π̃µν [p] =− i

(2π)
D
2

2π
D
2 e2

(2π)D
·
[
pµpν − (p)2δµν

]
·
∞∫

0

dT

T
D
2

e−m
2T

T∫
0

dτ e−(p)2GB(τ) ·
[
G2
F (τ)−

(
ĠB(τ)

)2]

u:= τ
T= − i

(2π)
D
2

2π
D
2 e2

(2π)D
·
[
pµpν − (p)2δµν

]
·
∞∫

0

dT

T
D
2 −1

e−m
2T

1∫
0

du e−(p)2uT (1−u) ·
[
1− (1− 2u)2

]︸ ︷︷ ︸
4u(1−u)

=− i

(2π)
D
2

8e2

(4π)
D
2

·
[
pµpν − (p)2δµν

]
· Γ
(
2− D

2

)
·

1∫
0

du u(1− u)
[
m2 + (p)2u(1− u)

]D
2 −2

. (4.43)

Note: Note that the results in sections 4.3 & 4.4 for the 1PI-N -point functions and polarization tensor, are
all in Euclidean form. The return to Minkowskian coordinates is performed as described in appendix A.5. Thus
for example, the Minkowskian polarization tensor Πµν

M takes the form

Π̃µν
M [p] =

1

(2π)
D
2

8e2

(4π)
D
2

· [pµpν − g(p,p) · gµν ] · Γ
(
2− D

2

)
·

1∫
0

du u(1− u)
[
m2 − g(p,p)u(1− u)

]D
2 −2

.

(4.44)

which is, overseeing the incomplete regularization, in accordance33 with Greiner[22], .

33Up to the factor 1

(2π)
D
2

, which is due to our use of isometrical Fourier-transforms.

19



A Appendix

This appendix shall provide with some auxiliary statements, used along the article. Most of them can also be
found in standard literature in this or slightly modified form.

A.1 A note on Dirac matrices

Let ζ1, .., ζn be complex n × n matrices satisfying {ζµ, ζν} = 2gµν for some n × n matrix g. Let A be some
differentiable field and p̂µ := −i∂µ. Then

(ζµp̂µ + ζµeAµ)
2

= gµν(p̂µ + eAµ)(p̂ν + eAν) · 1− i

4
e [ζµ, ζν ]Fµν (A.1)

holds, whereas Fµν := ∂µAν − ∂νAµ.

Proof

We note that

[ζµ, ζν ]Fµν = [ζµ, ζν ] (∂µAν − ∂νAµ) = 2 [ζµ, ζν ] ∂µAν = 2i [ζµ, ζν ] p̂µAν (A.2)

and obtain

(ζµp̂µ + ζµeAµ)
2

= ζµζν [p̂µ + eAµ] [p̂ν + eAν ]

= ζµζν p̂µp̂ν︸ ︷︷ ︸
1
2{ζµ,ζν}p̂µp̂ν

+e2 ζµζνAµAν︸ ︷︷ ︸
1
2{ζµ,ζν}AµAν

+eζµζν
[

p̂µ(Aν ·)︸ ︷︷ ︸
(p̂µAν)+Aν p̂µ

+Aµp̂ν
]

= gµνpµpν + e2gµνAµAν + e {ζµ, ζν}︸ ︷︷ ︸
2gµν

Aµp̂ν + e ζµζν︸︷︷︸
1
2 [[ζµ,ζν ]+{ζµ,ζν}]

(p̂µAν)

= gµν p̂µp̂ν + e2gµνAµAν + 2egµνAµp̂ν +
e

2
{ζµ, ζν}︸ ︷︷ ︸

2gµν

(p̂µAν) +
e

2
[ζµ, ζν ] (p̂µAν)

= gµν(p̂µ + eAµ)(p̂ν + eAν) +
e

2
[ζµ, ζν ] (p̂µAν)︸ ︷︷ ︸

− ie4 [ζµ,ζν ]Fµν by (A.2)

(A.3)

as claimed.

A.2 Differential operators on compact sets

Consider the differential operator d2

dτ2 on the space P[0, T ] of integrable, periodic functions on the interval
[0, T ]. Call two functions f, g ∈ F [0, T ] equivalent f ∼ g, if f − g = const and consider the family F [0, T ]/ ∼
of equivalence classes [f ]∼ on the resulting quotient space. Then f ′′ = g′′ iff [f ]∼ = [g]∼, hence D [f ]∼ := f ′′ is
a well-defined, invertible operator on F [0, T ]/ ∼. Its inverse I := D−1 is characterized by

(I [δ(τ1 − ·)]) (t) =

[
|t− τ1|

2
− (t− τ1)2

2T

]
∼
. (A.4)

Indeed, applying D to (A.4) results in

d2

dt2

(
|t− τ1|

2
− (t− τ1)2

2T

)
= δ(τ1 − t)−

1

T
. (A.5)
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In a very similar way, one can show that the operator d
dτ on the space of antiperiodic functions on [0, T ] is

invertible, with Green’s function([
d
dτ

]−1
[δ(τ1 − ·)]

)
(t) =

1

2
sgn(t− τ1) =:

1

2
GF (t, τ1) . (A.6)

A.3 Evaluating quadratic Hamiltonians

Let the Hamiltonian of an n-dimensional system be given by34

Ĥ(x̂, p̂, t) =
1

2
p̂TM−1p̂ +

1

2
{a(x̂, t), p̂}+ V (x̂, t) , (A.7)

with M ∈ Rn×n as symmetric, invertible matrix and a : Rn × R → Rn. Then the transition element is given
by35

〈xβ | e−i(tβ−tα)Ĥ |xα〉 =

(tβ ,xβ)∫
(tα,xα)

D̃x e
i

tβ∫
tα

Lc(x,ẋ,t) dt
, (A.8)

with

Lc(x, ẋ, t) :=
1

2
ẋTMẋ +

1

2
a(x, t)TMa(x, t)− ẋTMa(x, t)− V (x, t) (A.9)

and Lc as the classical Lagrangian of (A.7).

A.4 On identities, traces and coherent states

Consider the coherent states defined in (4.16), parametrized by the Grassmann variables ϑ1, ϑ2, ϑ
1
, ϑ

2
. We

define the Fock-states

|n1, n2〉 := (a+
2 )n2(a+

1 )n1 |0〉 , n1, n2 ∈ {0, 1} (A.10)

forming an orthonormal basis in the Fock-space Ha, generated by the a±1,2. We notice that the coherent states
can be written as

|ϑ〉 = |0〉 − ϑ1 |1, 0〉 − ϑ2 |0, 1〉+ ϑ1ϑ2 |1, 1〉 ,

〈ϑ| = i 〈0|ϑ1ϑ2 − i 〈1, 0|ϑ2 + i 〈0, 1|ϑ1 + i 〈1, 1| , (A.11)

whereas we used that the a±1,2 anticommute with ϑ1,2. Using the rules of Grassmann integration we conclude

i

∫
d2ϑ 〈−ϑ|U |ϑ〉 (A.11)

= i2
∫
d2ϑ

[
〈0|ϑ1ϑ2U |0〉︸ ︷︷ ︸
ϑ1ϑ2〈0|U |0〉

−〈1, 0|ϑ2Uϑ1 |1, 0〉︸ ︷︷ ︸
−ϑ1ϑ2〈1,0|U |1,0〉

+ 〈0, 1|ϑ1Uϑ2 |0, 1〉︸ ︷︷ ︸
ϑ1ϑ2〈0,1|U |0,1〉

+ 〈1, 1|Uϑ1ϑ2 |1, 1〉︸ ︷︷ ︸
ϑ1ϑ2〈1,1|U |1,1〉

]

= −
∫
dϑ1dϑ2 ϑ1ϑ2︸ ︷︷ ︸

(−i)2

trace(U) = trace(U) , (A.12)

that is

i

∫
d2ϑ 〈−ϑ|U |ϑ〉 = trace(U). (A.13)

34Here, t is some arbitrary parameter of the trajectories.
35The exact phase of the measure D̃x depends among others, on the signature of M.
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Similarly, from (4.16) one has the representation∣∣ϑ〉 = iϑ
1
ϑ

2 |0〉+ iϑ
2 |1, 0〉 − iϑ1 |0, 1〉 − i |1, 1〉

〈
ϑ
∣∣ = 〈0| − 〈1, 0|ϑ1 − 〈0, 1|ϑ2 − 〈1, 1|ϑ1

ϑ
2
. (A.14)

Consequently

−i
∫
d2ϑ

∣∣ϑ〉 〈ϑ∣∣ (A.14)
= −i2

∫
d2ϑ

[
ϑ

1
ϑ

2 |0〉 〈0| − ϑ2 |1, 0〉 〈1, 0|ϑ1︸ ︷︷ ︸
ϑ
2
ϑ
1|1,0〉〈1,0|

+ϑ
1 |0, 1〉 〈0, 1|ϑ2︸ ︷︷ ︸
−ϑ2

ϑ
1|0,1〉〈0,1|

+ |1, 1〉 〈1, 1|ϑ1
ϑ

2︸ ︷︷ ︸
−ϑ2

ϑ
1|1,1〉〈1,1|

]

= −
∫
dϑ

2
dϑ

1
ϑ

2
ϑ

1

︸ ︷︷ ︸
(−i)2

1Ha = 1Ha , (A.15)

that is

−i
∫
d2ϑ

∣∣ϑ〉 〈ϑ∣∣ = 1Ha . (A.16)

Similarly one shows that

i

∫
d2ϑ |ϑ〉 〈ϑ| = 1Ha . (A.17)

For more information on coherent states and their integrals see Ohnuki[16], Glauber[17] and Klauder[18].

A.5 Reversing Wick-rotations

Wick-rotations generally involve coordinate and field transformations of the kind x̃µ := βµxµ, Ãµ := αµAµ
with αµ, βµ ∈ C \ {0}. Set B := diag(β1, .., βD) and β := detB. Suppose the effective action ΓE [Ã] is given
as a function of the modified field Ã, which is its self a function of x̃. Then ΓE can also be interpreted as a
functional of A, by means of ΓM [A] := ΓE [Ã(A)]. Similarly, Ã can be interpreted also as a field of x by means
of Ã = Ã(x̃(x)), although care has to be taken when creating N -point functions from Γ.

For once, one has

δNΓM
δAµ1(x̃1) . . . δAµN (x̃N )

=
δNΓE

δÃµ1(x̃1) . . . δÃµN (x̃N )︸ ︷︷ ︸
=:Γ

µ1..µN
E [x̃1,..,x̃N ]

·αµ1
· .. · αµN (A.18)

On the other hand, N -point correlator functions are to be used as (tensor valued) measure densities over x̃ or
x for that matter, which implies the transformation

δNΓM
δAµ1(x1) . . . δAµN (xN )︸ ︷︷ ︸

=:Γ
µ1..µN
M [x1,..,xN ]

=
δNΓM

δAµ1(x̃1) . . . δAµN (x̃N )
· detN

[
dx̃

dx

]
︸ ︷︷ ︸

βN

, (A.19)

so that

Γµ1..µN
M [x1, ..,xN ] = βNαµ1

..αµN · Γ
µ1..µN
E [x̃1, .., x̃N ]. (A.20)
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Furthermore, when Fourier-transforming additional care has to be taken, since

F {Γµ1..µN
M } (p1, ..,pN ) :=

1

(2π)
DN
2

∫
dx1..dxN︸ ︷︷ ︸
β−Ndx̃1..dx̃N

Γµ1..µN
M [x1, ..,xN ] exp

[
i

N∑
k=1

pkxk︸ ︷︷ ︸
pkB−1x̃k

]

(A.20)
=

αµ1 ..αµN

(2π)
DN
2

∫
dx̃1..dx̃N Γµ1..µN

E [x̃1, .., x̃N ] exp

[
i

N∑
k=1

pkB−1x̃k

]

= αµ1
· .. · αµN · F {Γ

µ1..µN
E }

[
B−1p1

1, .., B
−1pN

]
. (A.21)

Example: In the case of a Wick contraction of the type (α1, .., αD) = (−i, 1, .., 1), (β1, .., βD) = (i, 1, .., 1)
and a 2-point function

ΓµνE [p,q] = f(pq) · δ(p + q) · [pµqν − (pq) · δµν ] , C : const , (A.22)

one obtains

ΓµνM [p,q] = f(pB−2q) · δ
[
B−1(p + q)

]︸ ︷︷ ︸
detB·δ(p+q)

·αµαν ·
[
pµqν
βµβν

− (pB−2q) · δµν
]

= if(−g(p,q)) · δ(p + q) · [pµqν − g(p,q) · gµν ] . (A.23)

A.6 The polarization tensor

Consider the Dirac theory of QED, with Lagrangian

L = Lsp + Lem + Lint, (A.24)

whereas

Lsp = iψγµ∂µψ −mψψ , Lem = −1

4
FµνF

µν , Lint = eψγµAµψ (A.25)

quantized with normal-ordering description

Ĥint = − : eψ̂γµψ̂Âµ : . (A.26)

Let

SµνF (x2 − x1) := −iψ̂µ(x2)ψ̂ν(x1)

Dµν
F (x2 − x1) := −iÂµ(x2)Âν(x1) (A.27)

be the (free) spinor and photon propagators respectively.

The 2nd order contribution to the S-matrix of the interacting fields, takes the form[13]

Ŝ(2) =
(ie)2

2!

∫
dx1 dx2 T

[
: ψ̂(x1)γµψ̂(x1)Âµ(x1) : : ψ̂(x2)γµψ̂(x2)Âν(x2) :

]

= · · ·+ (ie)2

2!

∫
dx1 dx2 : ψ̂(x1)γµψ̂(x1)ψ̂(x2)γνψ̂(x2)Âµ(x1)Âν(x2) :︸ ︷︷ ︸

vacuum polarization term

, (A.28)
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with the so called polarization tensor Πµν , defined as36

i

4π
Πµν(x1,x2) := (ie)2 · ψ̂(x1)γµψ̂(x1)ψ̂(x2)γνψ̂(x2)

= −(ie)2 tr [iSF (x2 − x1)γµiSF (x1 − x2)γν ]

=: Rµν(x2 − x1). (A.29)

We consider the vacuum polarization contribution to the S matrix element for photon-photon scattering

iDint
F,κλ(x,y) := 〈0|T

[
Âκ(x)Âλ(y)S

]
|0〉

= 〈0|T
[
Âκ(x)Âλ(y)

]
|0〉︸ ︷︷ ︸

iDF,κλ(x−y)

+ [1st order terms]︸ ︷︷ ︸
0 (see [13])

+ 〈0|T
[
Âκ(x)Âλ(y)S(2)

]
|0〉

=iDF,κλ(x− y) + (. . . )

+
1

2!

∫
dx1 dx2 Âκ(x)Âµ(x1)Âλ(y)Âν(x2) ·Rµν(x2 − x1)

+
1

2!

∫
dx1 dx2 Âκ(x)Âν(x2)Âλ(y)Âµ(x1) ·Rµν(x2 − x1)

=iDF,κλ(x− y) + (. . . ) +

∫
dx1 dx2 iDF,κµ(x− x1)Rµν(x1 − x2)iDF,νλ(x2 − y)︸ ︷︷ ︸

[iDF,κµ∗Rµν∗iDF,νλ](x−y)=:iDpol
F,κλ(x−y)

(A.30)

By the convolution theorem A.9, the vacuum-polarization contribution has the Fourier-transform

iD̃pol
F,κλ(p) = (2π)D · iD̃F,κµ(p) · iΠ̃

µν(p)

4π
· iD̃F,νλ(p) . (A.31)

Recall that the spinor propagator has the Fourier-transform

S̃F (p) =
1

(2π)
D
2

i

γµpµ −m+ iε
. (A.32)

Using appendix A.8, we can thus write the Fourier-transform of (A.29) as

iΠ̃µν(p)

4π
=

(ie)2

(2π)
D
2

∫
dq

(2π)D
tr

[
1

γλqλ −m+ iε
γµ

1

γλ(qλ − pλ)−m+ iε
γν
]

. (A.33)

A.7 On Fourier-Transforms of 2-point functions

Consider a function f = f(x,y), depending actually only on the difference (x− y), that is, f(x,y) = g(x− y)
for some function g. Taking the Fourier-Transform yields

F {f} (p,q) =
1

(2π)D

∫
dDx dDy eipx+iqy f(x,y)︸ ︷︷ ︸

g(x−y)

z:=x−y
=

1

(2π)D

∫
dy ei(p+q)y︸ ︷︷ ︸

(2π)Dδ(p+q)

∫
dz eipz g(z)

= (2π)
D
2 · δ(p + q) · F {g} (p) (A.34)

36Note that Πµν(x) is symmetric in µ, ν and even in x.
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A.8 On Fourier-transforms of traces

Let A,B be n× n-matrix valued fields and consider the Fourier-transform of the field A(x)B(x). Then by the
convolution theorem A.9:

F {tr(AB)} (p) =

n∑
k=1

F
{
AklBlk

}
(p) =

1

(2π)
D
2

n∑
k=1

[
F(Akl) ∗ F(Blk)

]
(p)

=

∫
dq

(2π)
D
2

tr [F(A)(p− q) · F(B)(q)] . (A.35)

A.9 The convolution theorem

Let f, g be two Schwartz functions on RD. Then37:

F(fg) = (2π)−
D
2 F(f) ∗ F(g) , F(f ∗ g) = (2π)

D
2 F(f) · F(g). (A.36)
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